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TI M E  R A T E  O F  L O C A L S C O U R  A T  A  CI R C U L A R  PI L E
b y 
Willi a m Mill er Jr. 1  a n d D. M a x S h e p p ar d2
A B S T R A C T
A m at h e m ati c al m o d el f or t h e ti m e  v ari ati o n of l o c al s c o ur d e pt h at a si n g ul ar cir c ul ar pil e h as 
b e e n d e v el o p e d.  T h e s c o ur h ol e s h a p e is ass u m e d t o b e t h at of a n i n v ert e d fr ust u m of a ri g ht 
cir c ul ar  c o n e  wit h  a n  a n gl e  e q u al  t o  t h e  a n gl e  of  r e p os e  of  t h e  s u b m er g e d  s e di m e nt.   It  is  
ass u m e d t h at t h e ar e a b ei n g er o d e d is c o nfi n e d t o a n arr o w b a n d  a dj a c e nt t o t h e pil e a n d t h at t h e 
s urr o u n di n g s e di m e nt a v al a n c h es i nt o t his r e gi o n s o as t o m ai nt ai n t h e sl o p e of t h e s c o ur h ol e 
e q u al t o t h e a n gl e of r e p os e.  T h e ar e a of er osi o n is f urt h er li mit e d t o a n ar c r o u g hl y e xt e n di n g 
fr o m  t h e  st a g n ati o n  p oi nt  t o  t h e  p oi nt  of  fl o w  s e p ar ati o n  ( ~  09 0± fr o m  t h e  l e a di n g  e d g e).   
S e di m e nt tr a ns p ort i n t h e ar e a of er osi o n is ass u m e d t o b e d u e t o t h e eff e cti v e s h e ar str ess i n t his 
ar e a cr e at e d b y t h e m e a n a n d s e c o n d ar y fl o ws ( h ors es h o e v ort e x).  T h e  v ari ati o n of eff e cti v e 
s h e ar  str ess  wit h  n or m ali z e d  s c o ur  d e pt h  h as  b e e n  est a blis h e d  b as e d  o n  a c c ur at e  ti m e  hist or y  
s c o ur  d at a  a n d  a  fl at  b e d  s e di m e nt  tr a ns p ort  f u n cti o n.   T h e  f or m  of  t h e  s e di m e nt  tr a ns p ort  
f u n cti o n is b as e d o n t h o s e f or tr a ns p ort o n a fl at b e d. As mi g ht b e e x p e ct e d, t h e s h a p e of t h e 
n or m ali z e d s h e ar str ess v ers us n or m ali z e d s c o ur d e pt h pl ots w as f o u n d t o d e p e n d o n t h e s a m e 
s e di m e nt, fl o w a n d str u ct ur e  di m e nsi o nl ess p ar a m et ers t h at g o v er n t h e e q uili bri u m s c o ur d e pt h.  
T his m o d el r e q uir es t h e us e of pr e di cti v e e q u ati o ns f or c o m p uti n g e q uili bri u m s c o ur d e pt hs f or 
t h e c o n diti o ns e n c o u nt er e d i n t h e a n al ysis.  T h e m o d el w as d e v el o p e d f or cl e ar w at er c o n diti o ns 
b ut  c a n  b e  e xt e n d e d  t o  i n cl u d e  li v e  b e d  s c o ur  w h e n  s uffi ci e nt  d at a  i s  a v ail a bl e  f or  m o d el  
v ali d ati o n.
I N T R O D U C TI O N
C urr e nt pr a cti c e i n bri d g e f o u n d ati o n d esi g n r e q uir es t h at d esi g n s c o ur d e pt hs b e esti m at e d as t h e 
ulti m at e ( or e q uili bri u m) s c o ur d e pt h f or st e a d y fl o w u n d er d esi g n fl o w c o n diti o ns.  H o w e v er, 
f or m a n y sit u ati o ns t h e d ur ati o n of t h e p e a k v el o cit y is i ns uffi ci e nt f or t h e s c o ur h ol e t o r e a c h a n 
e q uili bri u m  st at e.   T his  is  es p e ci all y  tr u e  i n  t h e  c o ast al  e n vir o n m e nt  w h er e  t h e  d esi g n  fl o w  
c o n diti o ns  ar e  us u all y  u nst e a d y,  e pis o di c  e v e nts  of  r el ati v el y  s h ort  d ur ati o n  ( e. g.  h urri c a n e  
g e n er at e d  st or m  s ur g e).   A n ot h er  f a ct or  aff e c ti n g  t h e  p er c e nt a g e  of  e q uili bri u m  s c o ur  d e pt h  
a c hi e v e d d uri n g a d esi g n fl o w e v e nt is t h e m a g nit u d e of t h e d esi g n fl o w v el o cit y.  I n t h e ti d al 
pl ai ns  of  m a n y  c o ast al  ar e as,  w h er e  t h e  t err ai n  is  v er y  fl at,  d esi g n  fl o w  v el o citi es  c a n  b e  
r el ati v el y l o w a n d t h us t h e r at e of s c o ur is s m all.  I n or d er t o pr e di ct s c o ur d e pt hs u n d er t h es e 
c o n diti o ns a ti m e d e p e n d e nt m o d el t h at is c a p a bl e of h a n dli n g u nst e a d y fl o ws is n e e d e d. 
1  Gr a d u at e R es e ar c h Assist a nt, Ci vil a n d C o ast al E n gi n e eri n g D e p art m e nt, U ni v ersit y of Fl ori d a, G ai n es vill e, F L 
3 2 6 1 1, w mill er @ ufl. e d u. 
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Ti m e R at e of L o c al S c o u r at a Ci r c ul a r Pil e
First I nt er n ati o n al C o nf er e n c e o n S c o ur of F o u n d ati o ns, I C S F- 1
T e x as A & M U ni v ersit y, C oll e g e St ati o n, T e x as, U S A   N o v e m b er 1 7- 2 0, 2 0 0 2
i e ate of ocal co r at a irc lar ile
irst I ter ti l fere ce  c r f ti s, I -
s  i rsit , l  t ti , s,    er - , 
M O D E L  D E RI V A TI O N
T h e m o d el d e v el o p e d i n t his p a p er ass u m es t h at t h e g e o m etr y of t h e s c o ur h ol e c a n b e 
a p pr o xi m at e d as a n i n v ert e d fr ust u m of a ri g ht cir c ul ar c o n e.  Als o, as o bs er v e d b y M el vill e 
( 1 9 7 5), Ett e m a ( 1 9 8 0) a n d N a k a g a w a a n d S u z u ki ( 1 9 7 5), it is ass u m e d t h at s e di m e nt is r e m o v e d 
o nl y fr o m wit hi n a r e gi o n i m m e di at el y a dj a c e nt t o t h e pi er a n d t h at t his ar e a (t h e er osi o n z o n e) is 
f e d b y s e di m e nt a v al a n c hi n g d o w n t h e si d es of t h e s c o ur h ol e. F oll o wi n g N a k a g a w a a n d S u z u ki 
( 1 9 7 5), t h e wi dt h of t h e er osi o n z o n e is ass u m e d t o b e c o nst a nt wit h ti m e a n d o nl y a f u n cti o n of 
t h e di a m et er of t h e c yli n d er. Fi g ur e 1 d efi n es t h e er osi o n z o n e a n d Fi g ur e 2 d efi n es t h e v ol u m es 
us e d i n t h e m o d el d e v el o p m e nt a n d c al c ul ati o n. 
T h e f oll o wi n g r el ati o ns hi ps c a n b e d e v el o p e d usi n g t h e v ari a bl es d efi n e d i n Fi g ur es 1 a n d 2:  
1
Dr = + n D2 , φ= t a n
dr s2 , a n d φ
∆=∆ t a n
dr s .






1s1 +∆π=∆π−∆π=∆  .    ( 1)  
T h e v ol u m e of a v al a n c h e m at eri al ( ∆ V 2 )  is c al c ul at e d as f oll o ws 


























∆π+φ+φ+∆π=∆+∆=∆ .  ( 2)  
It c a n b e s h o w n t h at t h e s m all w e d g e s h a p e d v ol u m e (∆ V A 2 ) b esi d e t h e er o si o n z o n e a n n ul us is a 
f u n cti o n of ∆ d s2  a n d ∆ d s3 a n d i n t h e li mit g o es t o z er o, s o t h at it is n e gl e ct e d i n t his c al c ul ati o n.  
A d di n g E q u ati o ns ( 1) a n d ( 2) gi v es t h e t ot al c h a n g e i n v ol u m e f or a gi v e n ti m e i n cr e m e nt, ∆ t.
T h er ef or e, t h e r at e of c h a n g e of v ol u m e of t h e s c o ur h ol e is 










Or i n t h e li mit as t 0∆ →









Vd .    ( 3)  
N e xt, r el at e t his r at e of c h a n g e i n v ol u m e t o t h e tr a ns p ort of m at eri al o ut of t h e s c o ur h ol e.  







t h e v ol u m e of s e di m e nt ( Vs) r e m o v e d c a n b e r el at e d t o t h e v ol u m e of t h e s c o ur h ol e ( V
 
) b y 
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( )p1
VV s−= .       ( 4) 
T h e v ol u m e r at e of tr a ns p ort of s e di m e nt c a n b e d es cri b e d b y 
q wQdt
Vd s == ,     ( 5) 
w h er e Q is t h e r at e of tr a ns p ort of m at eri al b y v ol u m e ( m3 /s), q is t h e r at e of tr a ns p ort of m at eri al 
b y v ol u m e p er u nit wi dt h ( m 2 /s) a n d w is t h e wi dt h of t h e ar e a o v er w hi c h t h e s e di m e nt tr a ns p ort 












−=−==  .    ( 6)  
If it is ass u m e d t h at t h e s e di m e nt is tr a ns p ort e d o ut of t h e er osi o n ar e a p er p e n di c ul ar t o t h e pil e 
as s h o w n i n Fi g ur e 3, t h a n t h e wi dt h i n E q u ati o n ( 6) c a n b e esti m at e d b y 
( )1n2Dn D2
D2r2w mmm +β=+β=β= ,
w h er e β m  is h alf of t h e p eri m et er of t h e er osi o n z o n e i n r a di a ns (s e e Fi g ur e 1), D is t h e di a m et er 






β+= .      ( 7) 
C o m bi ni n g E q u ati o ns ( 3) a n d ( 6) gi v es t h e r el ati o ns hi p b et w e e n t h e r at e of c h a n g e of d e pt h of 
t h e s c o ur h ol e a n d t h e s e di m e nt tr a ns p ort 








1n2q D .    ( 8)  
E q u ati o n ( 8) c a n b e n o n- di m esi o n ali z e d wit h r es p e ct t o l e n gt h a n d t h e n o n- di m e nsi o n al s c o ur 
d e pt h c a n b e d efi n e d as y = d s/ ds e.  S ol vi n g f or d y/ dt gi v es 
( )  ( )  ( ) ( ) φ+φ+++−πβ+=
2
s es e2




d y .   ( 9)  
N ot e t h at d y/ dt h as di m e nsi o ns of ti m e - 1. T o r e d u c e t h e al g e br a, i ntr o d u c e t h e v ari a bl e K, d efi n e d 
as f oll o ws:   
( )










dp1K   .   ( 1 0)  






 .       ( 1 1)  
T h e  n e xt  st e p  is  t o  d e ci d e  o n  a n  a p pr o pri at e  s e di m e nt  tr a ns p ort  r el ati o ns hi p.   M a n y f or m ul as  
e xist i n t h e lit er at ur e a n d it s h o ul d b e k e pt i n mi n d t h at t h e s h e ar  str ess i n t h e er osi o n z o n e wit hi n 
t h e s c o ur h ol e is hi g hl y e pis o di c, d u e t o t h e u nst e a d y n at ur e of t h e h ors e s h o e v ort e x, a n d t h e 
fl o w h as a str o n g d o w n w ar d c o m p o n e nt. T h er ef or e, a n y f or m ul a d e v el o p e d f or fl o w o v er a fl at 
b e d c a n o nl y a p pr o xi m at e a ti m e m e a n tr a ns p ort i n t h e s c o ur h ol e.  T h o u g h s o m e w h at ar bitr ar y, 
t h e  c h oi c e  m a d e  h er e  w as  t h at  of  E n g el u n d  a n d  H a ns e n  ( 1 9 7 2),  w h o  b as e d  t h eir  s e di m e nt  
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tr a ns p ort f or m ul a o n a n e n er g y b al a n c e.  T his ch oi c e w as b as e d o n b ot h t h e si m pli cit y of t h e 
f or m ul a a n d t h e us e of a n e n er g y b al a n c e c o n c e pt w h er e a n e x c ess s h e ar str ess s er v es t o m o bili z e 
t h e s e di m e nt w hi c h is t h e n c arri e d a w a y b y t h e n e ar b e d fl o w.  It is h o p e d t h at s u c h a s c h e m e 
will s m o ot h o ut t h e eff e cts of t h e e pis o di c  fl o w.  T h us, q i n E q u ati o n ( 1 1) b e c o m es 
( )cCq θ−θθ=  ,      ( 1 2)  
w h er e ( )2* 5 0  u s g - 1 g D≡  is t h e n o n- di m e nsi o n al b e d s h e ar str ess ( als o k n o w n as t h e s e di m e nt 
n u m b er)  a n d  θ c  is  t h e  criti c al  n o n- di m e nsi o n al  b e d  s h e ar  str ess  f or  t h e  gi v e n  s e di m e nt.   T h e  
c o effi ci e nt, C, is ass u m e d t o b e c o nst a nt wit h ti m e a n d d e pt h f or a gi v e n s et of fl o w c o n diti o ns.  
T his  is  n ot  t h e  c o nst a nt  b as e d  o n  d e pt h  a n d  s e di m e nt  si z e  i n  t h e  E n g el u n d  a n d  H a ns e n  
f or m ul ati o n.  T h us, e q u ati o n ( 1 2) is n ot t h e a ct u al b e dl o a d f or m ul a of E n g el u n d a n d H a ns e n.  
T h e b e d s h e ar str ess is a ct u all y a n " eff e cti v e " b e d s h e ar str ess a n d m a y b e t h o u g ht of as t h e ti m e 
a v er a g e d b e d s h e ar str ess pr o d u c e d b y t h e m e a n a n d s e c o n d ar y fl o ws i n t h e er osi o n ar e a. 
C o m bi ni n g E q u ati o ns ( 1 1) a n d ( 1 2) r es ults i n a n e q u ati o n f or t h e ti m e r at e of c h a n g e of t h e s c o ur 






d y cθ−θθ= . ( 1 3)
E F F E C TI V E S H E A R S T R E S S  B E H A VI O R
T h e i niti al v al u e of t h e  n o n- di m e nsi o n al b e d s h e ar str ess i n t h e er osi o n z o n e n e ar t h e pil e, θ 0 , c a n 
b e r el at e d t o t h e v al u e o n t h e fl at b e d u pstr e a m of t h e pil e usi ng t h e f oll o wi n g r e as o ni n g.  F or 
s c o ur  t o  b e  i niti at e d  at  t h e  str u ct ur e,  t h e  l o c al  b e d  s h e ar  str ess  m ust  e x c e e d  t h e  criti c al  s h e ar  
str ess f or t h e s e di m e nt.  F or cir c ul ar pil es, e x p eri m e nts s h o w t h at t h e s c o ur d o es n ot o c c ur f or 
v al u es of u pstr e a m d e pt h a v er a g e d v el o cit y b el o w a p pr o xi m at el y 0. 4 5 V c .  I n ot h er w or ds, t h e 
u pstr e a m d e pt h a v er a g e d v el o cit y m ust b e a p pr o xi m at el y 0. 4 5 V c  i n or d er f or t h e v el o cit y n e ar 
t h e pil e t o b e Vc  a n d s c o ur i niti at e d.  Ass u mi n g t hat t h e b e d s h e ar str ess ( τ ) is pr o p orti o n al t o t h e 
d e pt h a v er a g e d v el o cit y s q u ar e d, w e fi n d t h at   






w h er e τ 0  is t h e b e d s h e ar str ess at t h e pil e pri or t o l o c al s c o ur a n d τ u  is t h e u pstr e a m b e d s h e ar 
str ess.  I n n o n- di m e nsi o n al t er ms, θ 0  = 4. 9θ u .
T h e v al u e f or t h e c o nst a nt, C, i n E q u ati o n ( 1 2) c a n n o w b e es ti m at e d fr o m e x p eri m e nt al d at a b y 
a p pl yi n g i niti al c o n diti o ns t o E q u a ti o n ( 1 3).  K n o wi n g t h e ti m e hist ory of t h e s c o ur d e pt h, d y/ dt 








.       ( 1 4)  
S u bstit uti n g t his v al u e i nt o E q u ati o n ( 1 3) a n d c al c ul ati n g d y/ dt fr o m a k n o w n ti m e hist or y pl ot, 
a n " eff e cti v e s h e ar str ess " i n t h e er osi o n ar e a c a n b e b a c k c al c ul at e d f or e a c h d at a s et.  
8 3 0
M a n y r es e ar c h ers ( e. g. S h e p p ar d et al., 1 9 9 5; O nt o wirj o, 1 9 9 4; M el vill e a n d S ut h erl a n d, 1 9 8 9) 
h a v e f o u n d t h at e q uili bri u m s c o ur d e pt hs at cir c ul ar pil es c a n b e  a d e q u at el y e x pr ess e d i n t er ms 
of  t h e  di m e nsi o nl e ss  q u a ntiti es  V/ V c ,  y0 / D  a n d  D/ D5 0 .   It  is  r e as o n a bl e  t o  ass u m e  t h at  t h e  
f u n cti o n al d e p e n d e n c e of t h e eff e cti v e s h e ar str ess o n s c o ur d e pt h will d e p e n d o n t h es e s a m e 
q u a ntiti es.  I n or d er t o d et er mi n e t his f u n cti o n al d e p e n d e n c e, ti m e hist or y s c o ur d e pt h d at a is 
n e e d e d fr o m e x p eri m e nt s w h er e t h es e q u a ntiti es ar e v ari e d; pr ef er a bl y, e x p eri m e nts w h er e t w o 
of  t h es e  gr o u ps  ar e  h el d  c o nst a nt  w hil e  v ar yi n g  t h e  t hir d.   T h e  d at a  s et  us e d  i n  t his  st u d y  
pr o vi d es t h e mi ni m al d at a n e e d e d f or t his a n al ysi s.  M or e d at a is n e e d e d a n d is c urr e ntl y b ei n g 
a c q uir e d.
E X P E RI M E N T A L  D A T A  U S E D I N  T HI S  A N A L Y SI S
All of t h e e x p eri m e nt al d at a us e d i n t his i n v esti g ati o n is fr o m a st u d y b y S h e p p ar d et al. ( 2 0 0 2).  
A n u m b er of cl e ar w at er s c o ur e x p eri m e nts w er e c o n d u ct e d i n a l ar g e 6. 1 m wi d e, 6. 4 m d e e p, 
3 8. 4  m  l o n g,  fl o w-t hr o u g h  t y p e  fl u m e  l o c at e d  i n  t h e  U S G S  L a b or at or y  i n  T ur n ers  F alls,  
M ass a c h us etts. T hr e e diff er e nt cir c ul ar pil es ( wit h di a m et ers 0. 9 1 5 m, 0. 3 0 5 m, a n d 0. 1 1 4 m), 
t hr e e diff er e nt s e di m e nt gr ai n si z es ( D5 0  = 0. 2 2 m m, 0. 8 0 m m a n d 2. 9 m m) a n d a r a n g e of w at er 
d e pt hs w er e i n v esti g at e d.  
T h e fl o w p ar a m et ers m o nit or e d w er e fl o w dis c h ar g e (i n dir e ctl y), v el o cit y, a n d w at er d e pt h a n d 
t e m p er at ur e.  T h e s c o ur d e pt h w as m o nit or e d wit h vi d e o c a m er as i nsi d e t h e pil es a n d wit h arr a ys 
of a c o usti c tr a ns p o n d ers att a c h e d t o t h e e xt eri or of t h e pil es, j ust b el o w t h e w at er s urf a c e.  T his 
s yst e m pr o vi d e d s c o ur d e pt h m e as ur e m e nts at 1 2 l o c ati o ns al o n g t hr e e r a di al li n es t hr o u g h o ut 
t h e  e x p eri m e nts.   T h e  t ests  l ast e d  fr o m  4 1  h o urs  t o  6 5 0  h o urs  a n d  w er e  s u c h  t h at  n e ar  
e q uili bri u m s c o ur d e pt h c o n diti o ns w e r e a c hi e v e d.  E q uili bri u m s c o ur d e pt hs w er e esti m at e d b y 
e xtr a p ol ati n g t h e c ur v e fit E q u ati o n ( 1 5), first us e d b y B ert ol di a n d J o n es ( 1 9 9 8) a n d f o u n d b y 
S h e p p ar d et al. ( 2 0 0 2) t o a d e q u at el y fit t h eir d at a. 
( ) ( ) ( )+−++−= c dt1
11ca bt1
11atd s , ( 1 5)
w h er e  a,  b,  c,  d  ar e  c o nst a nt  c o effi ci e nts  d e t er mi n e d  fr o m  t h e  d at a  a n d  t  is  ti m e.   T a bl e  1  
s u m m ari z es t h e r es ults. 
E x p eri m e nt n u m b ers 7, 8, 9 a n d 1 0 ( wit h D 5 0  = 2. 9 m m s e di m e nt a n d D = 0. 9 1 4 m di a m et er pil e) 
gi v e t h e b est i nf or m ati o n a b o ut t h e eff e cts of t h e as p e ct r ati o, y 0 / D, o n t h e s h e ar str ess v ers us 
s c o ur d e pt h r el ati o ns hi p. D/ D 5 0  is t h e s a m e a n d V/ Vc  is n e arl y c o nst a nt ( 0. 7 8 – 0. 8 9) f or t h es e 
e x p eri m e nts.  N or m ali z e d e x c ess s h e ar str ess [ s h e ar str ess i n e x c ess of t h e criti c al v al u e, ( θ -θ c )] 
v ers us n or m ali z e d s c o ur d e pt h pl ots f or E x p eri m e nts 7- 1 0 ar e pr es e nt e d i n Fi g ur e 4.  T h e e x c ess 
s h e ar  str ess  is  n or m ali z e d  b y t h e  m a xi m u m  e x c ess  s h e ar  str ess,  ( θ p -θ c ),  w h er e  θ p  is  t h e  p e a k  
s h e ar str ess , a n d t h e s c o ur d e pt h is n or m ali z e d b y t h e e q uili bri u m s c o ur d e pt h, d s e.
Fi g ur e 5 c o m p ar es t h e r es ults fr o m E x p eri m e nts 1 a n d 6 a n d ill ustr at es t h e c as e w h er e t h e as p e ct 
a n d v el o cit y r ati os ar e n e arl y c o nst a nt a n d t h e n or m ali z e d s e di m e nt si z e v ari es.  T h er e w er e n o 
t ests  i n  t his  d at a  s et  wit h  b ot h  D/ D5 0  a n d  y 0 / D  c o nst a nt  a n d  v ari a bl e  V/ Vc .   T h e  cl os est  
a p pr o xi m ati o n of c o nst a nt D/ D 5 0  a n d y0 / D a n d v ari a bl e V/ Vc
 
 is b et w e e n E x p eri m e nts 7 a n d 1 1 
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( Fi g ur e  4,  pl ot  1  a n d  Fi g ur e  6,  pl ot  1,  r es p e cti v el y).   T h o u g h  a n  eff e ct  fr o m  t h e  as p e ct  r ati o  
diff er e n c e is e x p e ct e d, si n c e t h e s h e ar d e cr e as es fr o m E x p eri m e nt 7 t o E x p eri m e nt 1 1 w hil e t h e 
as p e ct r ati o i n cr e as es ( a n eff e ct o p p osit e t o t h e tr e n d of Fi g ur e 4), it c a n b e ass u m e d t h at t his is 
t h e r es ult of t h e r e d u cti o n i n V/ Vc .  Als o i n cl u d e d i n Fi g ur e 6 is a pl ot of E x p eri m e nt 1 4 w hi c h 
ill ustr at es t h e eff e ct of l ar g e v al u es of D/ D5 0  a n d V/ Vc , wit h a n a v er a g e v al u e f or t h e as p e ct r ati o.
T a bl e 1, S u m m ar y of E x p eri m e nts 
e x p  D ( m) D 5 0 m m) y 0 ( m) V ( m/ s)  V/ Vc y 0 / D  D/ D5 0 d s e / D
1 0. 1 1 4 0. 2 2 1. 1 9 0. 2 9 0. 8 9 1 0. 4 4 5 1 8 1. 3 8
2 0. 3 0 5 0. 2 2 1. 1 9 0. 3 1 0. 9 6 3. 9 0 1 3 8 6 1. 3 4
3 0. 9 1 5 0. 8 0 1. 2 7 0. 4 0 0. 8 5 1. 3 9 1 1 4 3 1. 2 0
4 0. 9 1 5 0. 8 0 0. 8 7 0. 3 9 0. 8 4 0. 9 5 1 1 4 3 1. 0 4
5 0. 3 0 5 0. 8 0 1. 2 7 0. 3 9 0. 8 2 4. 1 6 3 8 1 1. 4 1
6 0. 1 1 4 0. 8 0 1. 2 7 0. 4 1 0. 8 7 1 1. 1 4 1 4 3 1. 5 8
7 0. 9 1 5 2. 9 0 1. 2 2 0. 7 6 0. 8 9 1. 3 3 3 1 5 1. 5 1
8 0. 9 1 5 2. 9 0 0. 5 6 0. 6 5 0. 8 5 0. 6 1 3 1 5 1. 2 0
9 0. 9 1 5 2. 9 0 0. 2 9 0. 5 7 0. 8 3 0. 3 2 3 1 5 1. 0 5
1 0 0. 9 1 5 2. 9 0 0. 1 7 0. 5 0 0. 7 8 0. 1 9 3 1 5 0. 7 9
1 1 0. 9 1 5 2. 9 0 1. 9 0 0. 7 0 0. 7 5 2. 0 8 3 1 5 1. 2 8
1 2 0. 3 0 5 0. 2 2 1. 2 2 0. 4 0 1. 2 3 4. 0 0 1 3 8 6 1. 2 8
1 3 0. 3 0 5 0. 2 2 0. 1 8 0. 3 0 1. 1 0 0. 5 9 1 3 8 6 0. 9 5
1 4 0. 9 1 5 0. 2 2 1. 8 1 0. 3 0 0. 9 5 1. 9 8 4 1 5 5 1. 0 6
 
T h e g e n er al b e h a vi or of t h e s h e ar str ess wit h s c o ur d e pt h o bt ai n e d b y t hi s m et h o d is c o nsist e nt 
wit h d es cri pti o ns of l o c al s c o ur pr o c ess es p u blis h e d i n t h e lit er at ur e a n d o b s er v e d b y t h e a ut h ors 
of t his p a p er.  M el vill e ( 1 9 7 5) a n d Ett e m a ( 1 9 8 0) d es cri b e d t hr e e p h a s es of s c o ur as a n "i niti al 
p h as e "  w h er e  t h e  s c o ur  h ol e  f or ms  fr o m  t h e  fl at- b e d  c o n diti o n,  f oll o w e d  b y  t h e  " pri n ci pl e  
er osi o n p h as e " w h er e t h e h or s es h o e v ort e x gr o ws r a pi dl y i n si z e a n d str e n gt h a n d s ettl es i nt o t h e 
s c o ur h ol e.     Fi n all y, t h e " e q uili bri u m p h as e " o c c urs w h er e t h e fl o w is n o l o n g er a bl e t o r e m o v e 
s e di m e nt.  N a k a g a w a a n d S u z u ki ( 1 9 7 5) g a v e a si mil ar d es cri pti o n wit h f o ur st a g es: " 1) s c o ur 
n e ar t h e si d e of t h e pi er c a us e d b y tr a cti v e f or c e of t h e m ai n fl o w, 2) s c o ur n e ar t h e l e a di n g e d g e 
g e n er at e d b y a h ors es h o e v ort e x, 3) s c o ur d e v el o p e d b y t h e st a bl e v ort e x fl o wi n g al o n g t h e pi er, 
a n d 4) r e d u cti o n i n s c o ur r at e d u e t o d e cr e as e i n tr a ns p ort c a p a cit y i n t h e h ol e. "   
T h e o bs er v e d si z e a n d i nt e nsit y of t h e h ors es h o e v ort e x pri or t o l o c al s c o ur is, i n g e n er al, l ess 
t h a n it is o n c e t h e s c o ur h ol e is f or m e d.  Fl o w s ep ar ati o n at t h e e d g e of t h e s c o ur h ol e f e e ds 
e n er g y t o t h e v ort e x a n d i n cr e as es b ot h its si z e a n d str e n gt h.  It is l o gi c al t h at t h e s h e ar str ess will 
i n cr e as e i niti all y wit h s c o ur d e pt h a n d t h e n at s o m e d e pt h st art t o d e cr e as e.  Ulti m at el y, it m ust 
r e a c h a v al u e n e ar t h e criti c al s h e ar str ess w h er e t h e r e m o v al of s e di m e nt st o ps.  It als o a p p e ars 
t h at t h e m a xi m u m o bt ai n a bl e si z e a n d str e n gt h of t h e h ors es h o e v ort e x is pri m aril y a f u n cti o n of 
t h e pil e di a m et er a n d t h e m e a n fl o w v el o cit y.  T h e d e p e n d e n c e o n pil e di a m et er is b eli e v e d t o 
di mi nis h wit h i n cr e as e d pil e di a m et er ( S h e p p ar d et al., 2 0 0 2).  T h e r at h er a br u pt c h a n g e i n t h e 
sl o p e of t h e s h e ar str ess v er s us s c o ur d e pt h w h e n t h e d e pt h r e a c h es a b o ut h alf t h e e q uili bri u m 
v al u e is t h o u g ht t o b e t h e p oi nt w h e n t h e h ors es h o e v ort e x is s u b m er g e d i n t h e s c o ur h ol e.  T h e 
r at e of s h e ar str ess d e cr e as e wit h s c o ur d e pt h is m u c h l ess fr o m t his p oi nt t o t h e e q uili bri u m 
d e pt h.
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T h e c o m bi n e d eff e cts of t h e as p e ct r ati o ( n or m ali z e d w at er d e pt h, y0 / D) a n d n or m ali z e d v el o cit y 
( V/ Vc ) o n t h es e pr o c ess e s c a n b e s e e n i n t h e s e q u e n c e of pl ots i n Fi g ur e 4.  As t h e w at er d e pt h 
d e cr e as es, f or a gi v e n pil e si z e, t h e i nt erf er e n c e b et w e e n t h e s urf a c e v ort e x (s urf a c e r oll er) a n d 
t h e h ors es h o e v ort e x i n cr e ases.  T his att e n u at es t h e str e n gt h of t h e h ors es h o e v ort e x a n d r et ar ds 
its a bilit y t o i n cr e as e t h e s h e ar str ess as t h e s c o ur h ol e i niti all y pr o gr ess es.  T his als o c a us es t h e 
s h e ar str ess t o b e r e d u c e d t o n e ar t h e criti c al v al u e at a b o ut h alf of t h e e q uili bri u m d e pt h.  I n t h e 
li miti n g c as es of s h all o w w at er t h e r at e of s c o ur i s v er y sl o w f or t h e l att er h alf of t h e d e pt h.  A n 
a d diti o n al eff e ct r e d u ci n g t h e s h e ar str ess is t h e  r e d u cti o n i n n or m ali z e d v el o cit y i n t his s e q u e n c e 
of pl ots.  M or e d at a is n e e d e d t o s e p ar at e t h e eff e cts of as p e ct r ati o a n d v el o cit y.  
T h e eff e cts of n or m ali z e d s e di m e nt si z e, D/ D 5 0  c a n b e s e e n i n t h e pl ots i n Fi g ur e 5 a n d t h e first 
pl ot of Fi g ur e 4 ( E x p eri m e nt 7).  As t h e di a m et er of t h e pil e  is d e cr e as e d ( or t h e s e di m e nt si z e 
i n cr e as e d) t h e s h e ar str es s r e m ai ns a b o v e t h e i niti al v al u e f or a gr e at er p orti o n of t h e s c o ur h ol e 
d e v el o p m e nt  a n d  t h e  fl att er  p orti o n  of  t h e  c ur v e  b e c o m es  al m ost  n o n  e xist e nt.   P ossi bl e  
e x pl a n ati o ns f or t his b e h a vi or ar e gi v e n fr o m t h e st a n d p oi nt of c h a n gi n g pil e si z e w hil e k e e pi n g 
t h e s e di m e nt si z e c o nst a nt a n d vi c e v ers a.  If t h e s e di m e nt di a m et er is fi x e d a n d t h e pil e di a m et er 
all o w e d t o d e cr e as e (t h u s d e cr e asi n g t h e v al u es f or D/ D 5 0 ), as i n g oi n g fr o m E x p eri m e nt 1 4 t o 1 
t o 7 t o 6, t h e si z e of t h e h ors es h o e v ort e x i n c o m p aris o n wit h t h e pil e di a m et er i n cr e as es.  T h us a 
gr e at er  pr o p orti o n  of  t h e  s c o ur  h ol e  is  a c hi e v e d  b ef or e  t h e  v ort e x  is  s u b m er g e d.   If  t h e  pil e  
di a m et er is h el d c o nst a nt a n d t h e s e di m e nt si z e is all o w e d t o i n cr e as e (t h us d e cr e asi n g t h e v al u es 
f or D/ D5 0 ), t h e v el o cit y m ust i n cr e as e i n or d er f or V/ V c  t o r e m ai n c o nst a nt.  Wit h t h e i n cr e as e d 
v el o cit y t h er e is m or e e n er g y a v ail a bl e i n t h e m e a n fl o w t o f e e d t h e v ort e x a n d t h us t h e s h e ar 
str ess r e m ai ns a b o v e t h e i niti al v al u e f or a gr e at er pr o p orti o n o n t h e s c o ur h ol e. 
T h e  d at a  s et  us e d  i n  t his  st u d y is  m u c h  l ess  s uit a bl e  f or  a n al y zi ng  t h e  eff e cts  of  n or m ali z e d  
v el o cit y, V/ V c  o n t h e s h e ar str ess v ers us s c o ur d e pt h r el ati o ns hi p.  T h er e ar e n o t w o e x p eri m e nts 
w h er e  b ot h  y 0 / D  a n d  D/ D5 0  ar e  h el d  c o nst a nt  w hil e  v a r yi n g  t h e  v al u es  of  V/ Vc .   T h er e  ar e,  
h o w e v er,  e x p eri m e nts  wit h  diff er e nt  v al u es  of  V/ V c  i n  w hi c h  i nf or m ati o n  f or  t h e  V/ V c
d e p e n d e n c y c a n  b e  e xtr a ct e d  if  t h e  a b o v e  d es cri b e d  eff e cts  of  y 0 / D  a n d  D/ D5 0  ar e  t a k e n  i nt o  
c o nsi d er ati o n.   I n  s o m e  c as es,  t h e  eff e cts  of  y 0 / D  a n d  D/ D5 0  c a n  e v e n  b e  ass u m e d  t o  h a v e  
r e a c h e d a li mit (i. e. c o n diti o ns ar e s u c h t h at t h e d e p e n d e n c y o n y 0 / D a n d D/ D 5 0 is mi ni m al).  
M or e d at a is b ei n g o bt ai n e d t o i m pr o v e a n d v erif y t h e r el ati o ns hi ps d e v el o p e d a n d pr es e nt e d i n 
t his p a p er. 
I n or d er t o s ol v e E q u ati o n ( 1 3) f or a gi v e n sit u ati o n t h e a b o v e d es cri b e d r el ati o ns hi ps m ust b e 
e x pr ess e d  a n al yti c all y.   T h e  s h e ar  str ess  –  s c o ur  d e pt h  r el ati o ns hi p  w as  di vi d e d  i nt o  t hr e e  
s e g m e nts.  T h e i niti al s e g m e nt c a n b e  a p pr o xi m at e d b y a p ar a b ol a wit h its v ert e x at t h e p e a k of 
t h e c ur v e a n d its y = 0 i nt ers e cti o n at θ = θ 0 .  T h e s e c o n d s e g m e nt (fr o m t h e p e a k t o t h e p oi nt of 
s h ar p c h a n g e i n sl o p e) c a n li k e wis e b e r e pr es e nt e d b y a s e c o n d p ar a b ol a wit h its v ert e x als o at 
t h e p e a k a n d g oi n g t hr o u g h t h e p oi nt w h er e t h e sl o p e of t h e c ur v e c h a n g es a br u ptl y ( c all e d t h e 
p e a k p oi nt wit h y = y b  a n d θ  = θ b ).  Fi n all y, a str ai g ht li n e c a n b e us e d t o a p pr o xi m at e t h e t hir d 
s e g m e nt.  T h e g e n er al e q u ati o ns f or t h es e s e g m e nt s ar e as f oll o ws: 




θ−θ= ,    ( 1 6)  
a n d y p
 
 is t h e l o c ati o n of t h e p e a k. T h e s e c o n d p ar a b ol a c a n b e e x pr ess e d as 
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( )p2pbp yya,yyy −−θ=θ≤≤ , w h er e ( )2pb
bp
2 yya −
θ−θ= .    ( 1 7)  
T h e fi n al str ai g ht li n e s e g m e nt c a n b e e x pr ess e d b y t h e f oll o wi n g e q u ati o n:  
( )1ym,1yy 2cb −+θ=θ≤≤ .      ( 1 8)  
E m piri c al r el ati o ns hi ps f or 
t= 0
d y
d t , θ p ,  yp ,  yb , a n d m2  w er e o bt ai n e d fr o m t h e d at a s et a n d ar e 
gi v e n i n t h e f oll o wi n g e q u ati o ns:  
−+−= 1 2 0 0
DDe x p1 411V
V8.2D
y5.1t a n hy
V1 1.0dt
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y − is l ess t h a n 3 x 1 0- 5, t h e n 0y p = , a n d 1
0
p =θ
θ  .   
( )ppb y213 5.0y2y −+=  ,       ( 2 2) 












y0 4 5.0m −=  .      ( 2 3) 
N ot e  t h at  E q u ati o n  ( 1 9)  h as  di m e nsi o ns  of  ti m e - 1 (s p e cifi c all y,  h o urs - 1)  w hil e  E q u ati o ns  ( 2 0)  
t hr o u g h  ( 2 3)  ar e  n o n- di m e nsi o n al.   Fi g ur e  7  s h o ws  t hr e e  s h e ar  str ess  c ur v es  c al c ul at e d  wit h  
E q u ati o ns  ( 1 6)  t hr o u g h  ( 1 8)  a n d  ( 2 0)  t hr o u g h  ( 2 3)  pl ott e d  a g ai nst  t h e  b a c k- c al c ul at e d  s h e ar  
str ess c ur v es.  T h e r es ults ar e r e as o n a bl e c o nsi d eri n g t h e e xt e nt of t h e d at a a n d t h e a p pr o xi m at e 
n at ur e of t h e c ur v e fits. 
Usi n g t h es e r el ati o ns hi ps, E q u ati o n ( 1 3) w as s ol v e d f or t h e c o n diti o ns of t h e e x p eri m e nt al d at a 
usi n g a si m pl e f o urt h or d er R u n g a- K utt a t e c h ni q u e.  Pr e di ct e d, m e as ur e d  a n d c ur v e fit of t h e 
m e as ur e d s c o ur d e pt h ti m e hist or y pl ots f or f o ur of t h e e x p eri m e nts ar e gi v e n i n Fi g ur es 8 a n d 9.  
T h e first pl ot i n Fi g ur e 8 is t h e pr e di cti o n wit h t h e l e ast err or a n d t h e s e c o n d is t h e pr e di cti o n 
wit h t h e gr e at est err or.  T h e pl ots i n Fi g ur e 9 ar e f or e x p eri m e nt al d at a s ets wit h a v er a g e err or.  
O n c e a g ai n r e as o n a bl e a c c ur a c y w as a c hi e v e d.   
N e xt a h y p ot h eti c al pr ot ot y p e s c al e sit u ati o n w as e x a mi n e d.  A 1 0 m di a m et er cir c ul ar d ol p hi n 
l o c at e d  i n  c o h esi o nl ess, u nif or m  di a m et er  s a n d  ( D 5 0 =  0. 3  m m)  i n  a  w at er  d e pt h  of  1 0  m  is  
s u bj e ct e d t o a st e a d y, d e pt h a v er a g e d fl o w v el o cit y of 0. 4 m/s ( V/ V c
 
 = 1).  S h e p p ar d’s E q u ati o n 
( S h e p p ar d et al., 2 0 0 2) w as us e d t o c o m p ut e a n e q uili bri u m s c o ur d e pt h of 4. 2 m.  T h e c o m p ut e d 
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s c o ur d e pt h as a f u n cti o n of ti m e is s h o w n i n  Fi g ur e 1 0.  T h e ti m e r e q uir e d t o r e a c h 5 0 % a n d 
9 0 % of t h e e q uili bri u m s c o ur d e pt h is a p pr o xi m at el y 1 3 d a ys a n d 1 2 4 d a ys, r es p e cti v el y.  T his is 
o nl y a h y p ot h eti c al pr o bl e m f or w hi c h t h er e is n o m e as ur e d d at a b ut t h e  r es ults a p p e ar t o b e 
r e as o n a bl e b as e d o n t h e a ut h ors’ e x p eri e n c e wit h pr ot ot y p e str u ct ur es.  
C O N C L U SI O N S
A  m et h o d  f or  esti m ati n g  t h e  r at e  at  w hi c h  l o c al  s c o ur  d e pt hs  o c c ur  is  b a dl y n e e d e d  b y b ot h  
r es e ar c h ers a n d pr a cti ci n g e n gi n e ers.  Att e m pts t o pr o d u c e eit h er a n e m piri c al or c o m p ut ati o n al 
m o d el f or t his p ur p os e h a v e b e e n h a m p er e d b y t h e c o m pl e xit y a n d u nst e a d y n at ur e of t h e fl o w 
a n d  s e di m e nt  tr a ns p ort  pr o c ess es  i n v ol v e d.   A n y  pr a cti c al  att e m pt  t o  a n al y z e  t h e  ti m e  
d e p e n d e n c y  of  s c o ur  d e pt hs  m ust,  b y  n e c essit y,  w or k  wit h  ti m e  a v er a g e d  a n d  “ eff e cti v e ”  
q u a ntiti es s u c h as s h e ar str ess.  T h e  m at h e m ati c al m o d el d ev el o p e d as p art of t h e w or k r e p ort e d 
h er e is f or t h e l o c al s c o ur at a si n gl e cir c ul ar pil e u n d er cl e a r w at er s c o ur fl o w c o n diti o ns.  T h e 
m o d el utili z es e x p eri m e nt a l d at a fr o m a st u d y b y S h e p p ar d et al. ( 2 0 0 2) w h er e ti m e hist ori es of 
s c o ur d e pt hs w er e m e as ur e d f or a r a n g e of pil e a n d s e di m e nt si z es a n d w at er d e pt hs a n d fl o w 
v el o citi es.   
T h e r es ulti n g m o d el d o es a r e as o n a bl e j o b of pr e di cti n g t h e ti m e hist ori es of t h e e x p eri m e nts o n 
w hi c h  it  is  b as e d,  as  w o ul d  b e  e x p e ct e d.   T his  d o es,  h o w e v er,  s h o w  t h at  t h e  r el ati o ns hi ps  
d e v el o p e d f or t h e d e p e n d e n c y of t h e eff e cti v e s h e ar str ess v ers us s c o ur d e pt h o n t h e str u ct ur e, 
s e di m e nt  a n d  fl o w  p ar a m et ers  ar e  cl os e  t o  t h os e  dis pl a y e d  b y  t his  d at a  s et.   I n  a d diti o n,  t h e  
r es ults of t h e h y p ot h eti c al pr ot ot y p e s c al e e x a m pl e s e e m r e as o n a bl e a n d ar e c o nsist e nt wit h w h at 
t h e a ut h ors h a v e o bs er v e d i n t h eir fi el d st u di es.  As m or e l a b or at or y d at a is a v ail a bl e t h e m o d el 
c a n b e fi n e t u n e d a n d i m pr o v e d. 
T h e n e xt st e p is t o e xt e n d t h e m o d el t o li v e b e d s c o ur c o n diti o ns.  G o o d ti m e hist or y d at a f or li v e 
b e d s c o ur t ests is diffi c ult t o o bt ai n a n d t o i nt er pr et.  A d di n g t h e i nfl u x of s e di m e nt t o t h e s c o ur 
h ol e i n t h e m o d el will b e e as y.  T h e m or e diffi c ult p art will b e i n o bt ai ni n g a c c ur at e eff e cti v e 
s h e ar str ess v ers us s c o ur d e pt h i nf or m ati o n. 
A C K N O W L E D G E M E N T S
T h e r es e ar c h r e p ort e d h er e w as c o n d u ct e d u n d er t h e s p o ns ors hi p of t h e Fl ori d a D e p art m e nt of 
Tr a ns p ort ati o n.
N O T A TI O N
a 1 dir e ctri x ( x 4) f or t h e i niti al s h e ar str ess c ur v e p ar a b oli c a p pr o xi m ati o n 
a 2 dir e ctri x ( x 4) f or t h e s e c o n d s h e ar str ess c ur v e p ar a b oli c a p pr o xi m ati o n 
D  pil e/ c yli n d er  di a m et er  
C  tr a ns p ort f u n cti o n c o effi ci e nt 
D 5 0 m e di a n s e di m e nt di a m et er 
d s  i nst a nt a n e o us s c o ur d e pt h 
d s e e q uili bri u m s c o ur d e pt h 




m 2 sl o p e f or t h e fi n al s h e ar str ess c ur v e li n e ar a p pr o xi m ati o n 
n  wi dt h of t h e e ntr ai n m e nt z o n e as a fr a cti o n of t h e pi er di a m et er  
p  s e di m e nt  p or osit y  
Q  t h e r at e of tr a ns p ort of m at eri al b y v ol u m e ( m 3 /s) 
q  t h e r at e of tr a ns p ort of m at eri al b y v ol u m e p er u nit wi dt h 
s g S e di m e nt s p e cifi c gr a vit y ( ρ s/ρ )
V  d e pt h a v er a g e d u pstr e a m fl o w v el o cit y 
V 0 i niti al d e pt h a v er a g e d fl o w v el o cit y at t h e pil e r e q uir e d t o i niti at e s c o uri n g 
V c d e pt h a v er a g e d criti c al v el o cit y 
V   s c o ur h ol e v ol u m e 
V s v ol u m e of s e di m e nt s oli ds 
V w v ol u m e of w at er 
w  t h e wi dt h of t h e ar e a o v er w hi c h t h e s e di m e nt tr a n s p ort f u n cti o n a cts 
y  n o n- di m e nsi o n al i nst a nt a n e o us s c o ur d e pt h ( y = d s/ ds e)
y 0 u pstr e a m w at er d e pt h 
y p n o n- di m e nsi o n al i nst a nt a n e o us s c o ur d e pt h at w hi c h t h e s h e ar str ess p e a k o c c urs 
y b   s c o ur d e pt h at w hi c h t h e sl o p e of t h e s h e ar str ess c ur v e c h a n g es a br u ptl y ( " br e a k ") 
d y/ dt  ti m e r at e of s c o ur i n u nits of h o urs - 1 
d y/ dt| 0   i niti al ti m e r at e of s c o ur i n u nits of h o urs - 1 
 
β m h alf of t h e p eri m et er of t h e er osi o n z o n e i n r a di a n s 
φ s e di m e nt a n gl e of r e p os e 
θ n o n- di m e nsi o n al b e d s h e ar str ess or s e di m e nt n u m b er, ( ) 5 02 g d1s gu −=θ ∗
θ 0 i niti al n o n- di m e nsi o n al s h e ar str ess at t h e pil e r e q uir e d t o i niti at e s c o uri n g 
θ c criti c al n o n- di m e nsi o n al s h e ar str ess 
θ p p e a k n o n- di m e nsi o n al s h e ar str ess 
θ b s h e ar str ess v al u e at w hi c h t h e sl o p e of t h e s h e ar str ess c ur v e c h a n g es a br u ptl y 
θ u u pstr e a m n o n- di m e nsi o n al s h e ar str ess  
ρ d e nsit y of w at er 
ρ s d e nsit y of s e di m e nt p arti cl e 
τ b e d s h e ar str ess, 2u ∗ρ=τ
τ 0 i niti al b e d s h e ar str ess at t h e pil e r e q uir e d t o i niti at e s c o uri n g 
τ c criti c al b e d s h e ar str ess 
τ u u pstr e a m n o n- di m e nsi o n al s h e ar str ess 
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er o si o n z o n e
pil e
 
Fi g ur e 1.  D efi niti o n s k et c h of er osi o n z o n e.. 
8 3 7
A v al a n c h e
V ol u m e 1 ( ∆ V A 1 )
V ol u m e  of a n n ul u s










A v al a n c h e
V ol u m e 2 ( ∆ V A 2 )
T ot al  A v al a n c h e  V ol u m e
∆ V 2 = ∆ V A 1 + ∆ V A 2
Fi g ur e 2.  D efi niti o n s k et c h of s c o ur h ol e.. 
er o si o n z o n e
Q
t r a n s p ort t hr o u g h
t hi s  b o u n d a r y
n e gl e ct e d
r
Fi g ur e 3.  Di a gr a m s h o wi n g s e di m e nt tr a ns p ort o ut of t h e er o si o n z o n e. 


















y  = d s / ds e
U F  E x p # 7
(θ 0 -θ c )/(θ p -θ c )
D = 0. 9 1  m
y 0 / D = 1. 3 3V/ V c = 0. 8 9D/ D 5 0 = 3 1 5


















y  = d s / ds e
U F  E x p # 8
(θ 0 -θ c )/(θ p -θ c )
D = 0. 9 1  m
y 0 / D = 0. 6 1V/ V c = 0. 8 5D/ D 5 0
 
= 3 1 5
8 3 8


















y  = d s / ds e
U F  E x p # 9
(θ 0 -θ c )/(θ p -θ c )
D = 0. 9 1  my 0 / D = 0. 3 2V/ V c = 0. 8 3D/ D 5 0 = 3 1 5


















y  = d s / ds e
U F  E x p # 1 0
(θ 0 -θ c )/(θ p -θ c )
D = 0. 9 1  m
y 0 / D = 0. 1 9V/ V c = 0. 7 8D/ D 5 0 = 3 1 5
Fi g ur e 4.  Eff e cts of as p e ct r ati o a n d v el o cit y r ati o o n eff e cti v e ( b a c k- c al c ul at e d) s h e ar str ess vs. 
s c o ur d e pt h. 


















y  = d s / ds e
U F  E x p # 1
(θ 0 -θ c )/(θ p -θ c )
D  = 0. 1 1  m
y 0 / D  = 1 0. 4V/ V c = 0. 8 9D/ D 5 0 = 5 1 8


















y  = d s / ds e
U F  E x p # 6
(θ 0 -θ c )/(θ p -θ c )
D  = 0. 1 1  my 0 / D  = 1 1. 1 4V/ V c = 0. 8 7D/ D 5 0 = 1 4 3
Fi g ur e 5.  Eff e cti v e ( b a c k- c al c ul at e d) s h e ar str ess vs. s c o ur d e pt h f or e x p eri m e nts 1 a n d 6. 


















y  = d s / ds e
U F  E x p # 1 1
(θ 0 -θ c )/(θ p -θ c )
D = 0. 9 1  my 0 / D = 2. 0 8V/ V c = 0. 7 5D/ D 5 0 = 3 1 5


















y  = d s / ds e
U F  E x p # 1 4
(θ 0 -θ c )/(θ p -θ c )
D = 0. 9 1  my 0 / D = 1. 9 8V/ V c = 0. 9 5D/ D 5 0 = 4 1 5 5
 
Fi g ur e 6.  Eff e cti v e ( b a c k- c al c ul at e d) s h e ar str ess vs. s c o ur d e pt h f or e x p eri m e nts 1 1 a n d 1 4. 
8 3 9


















y  = d s / ds e
U F  E x p # 6
(θ 0 -θ c )/(θ p -θ c )
D  = 0. 1 1  m
y 0 / D  = 1 1. 1 4V/ V c = 0. 8 7D/ D 5 0 = 1 4 3
b a c k- c al cm o d el e d


















y  = d s / ds e
U F  E x p # 8
(θ 0 -θ c )/(θ p -θ c )
D = 0. 9 1  m
y 0 / D = 0. 6 1V/ V c = 0. 8 5D/ D 5 0 = 3 1 5
b a c k- c al cm o d el e d


















y  = d s / ds e
U F  E x p # 1 4
(θ 0 -θ c )/(θ p -θ c )
D = 0. 9 1  my 0 / D = 1. 9 8V/ V c = 0. 9 5D/ D 5 0 = 4 1 5 5
b a c k- c al cm o d el e d
Fi g ur e 7.  M o d el e d a n d b a c k- c al c ul at e d n or m a li z e d s h e ar str ess, (θ -θ c )/ (θ p -θ c ) vs. S c o ur D e pt h. 











U F  E x p # 1 4
d s e  = 0. 9 7  m
D = 0. 9 1  m
D 5 0 = 0. 2  m my 0 / D  = 1. 9 8
V = 0. 3  m/ s
V/ V c = 0. 9 5D/ D 5 0 = 4 1 5 5
fitt e d
m o d el e dd at a











U F  E x p # 1 0
d s e  = 0. 7 2  m
D = 0. 9 1  m
D 5 0 = 2. 9  m my 0 / D  = 0. 1 9
V = 0. 5  m/ s
V/ V c = 0. 7 8D/ D 5 0 = 3 1 5fitt e dm o d el e dd at a
 
Fi g ur e 8.  Fitt e d, m o d el e d a n d m e as ur e d n or m ali z e d s c o ur d e pt h v ers us ti m e f or e x p eri m e nts 1 4 
(l e ast err or) a n d 1 0 ( gr e at est err or). 
8 4 0











U F  E x p # 7
d s e  = 1. 3 8  m
D = 0. 9 1  m
D 5 0 = 2. 9  m my 0 / D  = 1. 3 3
V = 0. 7 6  m/ s
V/ V c = 0. 8 9D/ D 5 0 = 3 1 5fitt e dm o d el e dd at a











U F  E x p # 8
d s e  = 1. 1  m
D = 0. 9 1  m
D 5 0 = 2. 9  m my 0 / D  = 0. 6 1
V = 0. 6 5  m/ s
V/ V c = 0. 8 5D/ D 5 0 = 3 1 5fitt e dm o d el e dd at a
Fi g ur e 9.  Fitt e d, m o d el e d a n d m e as ur e d n or m ali z e d s c o ur d e pt h v ers us ti m e f or e x p eri m e nts 7 
a n d 8 ( a v er a g e err or). 











H y p ot h eti c al  M o d el  C al c ul ati o n
d s e = 4. 2  m ( S h e p p ar d, 2 0 0 2)
D  = 5  m
y 0 = 1 0  m
V = 0. 4  m/ sD 5 0 = 0. 3  m m
y 0 / D  = 2V/ V c = 1D/ D 5 0 = 1 6 6 6 7
← T 5 0 = 3 1 7 hr s
T 9 0 = 2 9 8 3 hr s →
 
Fi g ur e 1 0.  C o m p ut e d s c o ur d e pt h v ers us ti m e f or a h y p ot h eti c al pr ot ot y p e str u ct ur e. 
8 4 1
